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Abstract. We consider the problem of dynamic allocation of organs to patients in a transplant4
system. The system is modeled as a multi-class bipartite matching system, in which patients may5
die/delist or move between classes due to changes of their health status. We study a stochastic6
queueing control problem (QCP) with the control process governing the allocation of each arriving7
organ, and the objective of maximizing the expected total life years, which consists of both pre- and8
post-transplant years, of all population in the system during a finite time horizon. We first construct9
a deterministic control problem, referred to as the fluid control problem (FCP), and show that it10
serves as a performance upper bound for the QCP. We next develop an asymptotic framework, in11
which large scaled overloaded transplant systems are considered, and show that the fluid scaled QCP12
attains the FCP upper bound asymptotically. We then propose a simple priority type policy for the13
QCP based on the optimal solution of the FCP, and establish its asymptotic optimality through a14
scaling limit theorem. At last we conduct sensitivity analysis of the FCP with respect to the input15
parameters and functions to demonstrate the robustness of the proposed policy.16
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1. Introduction. As of May 2018, 114, 783 patients are waiting for transplants20

in the United States (cf. [35]). These patients are in the last stage of a disease and21

organ transplantation is a life-saving treatment. For example, heart transplantation22

is the only viable treatment for late-stage heart failure patients (cf. [30]). A deriving23

force for such a large waiting list is that the number of organs donated each year is24

significantly smaller than that of patients joining the waiting list. For example, at the25

end of year 2015, while 119, 362 patients were on the waiting list, only 15, 947 donors26

were recovered. This shortage of organ donation, which is predicted to continue,27

results in a substantial mortality for the patients in the waiting list, e.g., 20 patients28

die each day while waiting on the waiting list as studied in [37]. This imbalance29

of organ supply and demand raises an allocation question: which (eligible) patients30

should receive priority when an organ becomes available?31

In order to address such a critical problem for the nation, in 1984, the U.S.32

Congress passed the National Organ Transplant Act (NOTA; P.L. 98-507), by which33

the Organ Procurement and Transplantation Network (OPTN) was established. The34

OPTN which is administrated by the United Network for Organ Sharing (UNOS) is35

responsible for maintaining a national registry for organs and managing organ allo-36

cation (cf. [26]). The NOTA enacted new rules to guarantee an efficient and fair37

allocation of donated organs via a priority rule that best matches the available organs38

to patients (cf. [12, 26]). Designing efficient and fair allocation rules considering het-39

erogeneity of patient population and donated organs, as well as stochastic nature of40

the problem, among others, is extremely challenging and OPTN/UNOS has revised41

the organ allocation policies over time to overcome such challenges upon availability42

of more data and technology (see [36]). Despite all the efforts made, the waiting list43

has grown and as a result, in September 2016, the White House Office of Science and44

Technology issued a call to action to help reduce the waiting list for organ transplan-45
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2 A. KHADEMI AND X. LIU

tation, emphasizing that “ending the wait for organ transplants ... [is] some of what46

America can do” (see [34]).47

The operations research community has studied the transplant system from a va-48

riety of standpoints, e.g., patient decision on accepting or declining an offered organ49

(cf. [11, 3]), addressing geographical disparity (cf. [6]), estimating the patient’s price50

of privacy (cf. [29]), designing point-based efficient and fair policies (cf. [8, 39, 1]),51

and kidney exchange (cf. [4]). In particular, [39] created a fluid model of kidney52

transplant queueing system to dynamically allocate kidneys to patients considering53

efficiency and fairness. In a series of papers, [31, 32, 33] studied the impacts of pa-54

tient choice on waiting times, efficiency, and post-transplant information asymmetry55

using fluid models. Recently, [1] used an overloaded fluid queueing model to study56

the dynamic allocation of livers to patients. They considered a weighted objective of57

minimizing the pre-transplant deaths and maximizing the quality-adjusted life-years58

of the population. However, these studies did not formulate or analyze the stochastic59

control problem of dynamic allocation and settled to optimize the deterministic coun-60

terpart. In [38], the author considered a stochastic transplant queueing model, and61

focused on the asymptotic performance analysis under a randomized allocation pol-62

icy. In this work, we formulate and analyze a stochastic control problem of dynamic63

matching of organs to patients and construct a simple/implementable matching policy64

that is asymptotically optimal under fluid scaling.65

In the current work, we consider the problem of dynamic matching of hetero-66

geneous organs to a heterogeneous patient population. We model the transplant67

system as a stochastic bipartite matching system, in which multi-class patients ar-68

rival to one side of the system, while multi-class organs arrival to the other side69

(see Figure 1). The arrival processes for both patients and organs are modeled by70

time-inhomogeneous Poisson processes. Furthermore, we assume that a patient may71

die/delist after an exponential amount of time, and the patient can also move to other72

classes due to the change of his/her health status after another exponential amount of73

time. Upon the arrival of an organ, the decision maker needs to decide immediately74

which (nonempty) patient queue should be offered the organ. Here we are interested75

in a stochastic queueing control problem (QCP) that maximizes an objective function76

which measures the total life year (pre- and post-transplant life years) of the entire77

population in a given finite time horizon. Our main contributions are summarized as78

follows: (1) We show that the fluid control problem (FCP), which is the determin-79

istic counterpart of the stochastic QCP, naturally provides an upper bound for the80

QCP under any admissible policy. (2) We analyze the QCP in a large system regime,81

which is natural to transplant systems, and show that the fluid scaled QCP attains82

the FCP upper bound asymptotically. (3) We construct a policy for the QCP using83

the optimal solution of the FCP, and show that under an overloaded assumption,84

which is still natural to transplant systems, it is asymptotically optimal. An appeal-85

ing feature of the constructed policy is that it is an index policy, which is aligned86

with OPTN/UNOS practice in considering priority rule policies. (4) We establish the87

robustness of the constructed policy for the FCP with respect to small perturbations88

of the input parameters and functions.89

Dynamic matching in a two-sided market is also relevant to our study. However,90

the dynamic matching in transplant queueing systems is different and the policies91

developed do not apply. This is because in a transplant queueing systems, in addition92

to patient abandonment (patients may die or delist while waiting), the patients may93

change class (e.g., due to health deterioration), which is a key feature in the transplant94

queueing systems. Next, we briefly discuss the main differences between our work and95
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related studies in dynamic matching. The paper [14] studied a multi-class queueing96

system where customers from one queue may match to those from (multiple) other97

queues to minimize a finite-horizon holding cost. A key difference between our work98

and this study is that in [14] the customers do not abandon or change class. In [19],99

the author studied the problem of matching of randomly arriving items to randomly100

arriving agents to minimize the probability of large deviations in expected waiting101

times of agents in overloaded systems. However, the agents do not abandon or change102

class in the queue. A similar argument holds true for the differences between our103

study and the literature on matching markets such as [5, 2, 17, 27]. In addition, the104

market thickness algorithms which are considered in matching markets do not apply105

to transplant queueing systems because the cold ischemic time (the time between106

chilling of an organ after its blood is cut off and the transplant time) is limited, e.g.,107

it is four hours for heart/lung and one expects that the matching must be immedi-108

ate. It is worth mentioning that [27] formulated a ridesharing queueing system in109

which heterogeneous customers request drivers with the objective to maximize the110

number of matches almost surely. They made the large market assumption, under111

which a deterministic counterpart of the stochastic control problem was studied, and112

based on the optimal solution to the deterministic control problem, an instantaneous113

probabilistic matching policy was constructed and shown to be asymptotically opti-114

mal. In fact, for time-inhomogeneous queueing systems, the asymptotic analysis is115

usually considered under a large market assumption with the fluid scaling (also see116

[7, 10, 25, 18]), and the FCP was shown to be the best performance bound for the117

original stochastic control problem asymptotically.118

The rest of the paper is organized as follows: Section 2 formulates the stochastic119

QCP. Section 3 constructs the FCP and characterizes its optimal solutions. We an-120

alyze the QCP under a large system regime for overloaded transplant systems, and121

construct an asymptotically optimal matching policy in Section 4. In Section 5, we122

conduct a sensitivity analysis of the FCP under the proposed policy. Finally, Section123

6 provides some numerical results, and Section 7 collects all the proofs.124

The following notation will be used in the rest of the paper. Let N denote the125

set of positive integers, and Rk denote the k-dimensional Euclidean space. Let RK+ =126

{x ∈ Rk : xi ≥ 0, i = 1, . . . , k}. For u ∈ Rk, its L1 norm is denoted by |u| =
∑k
i=1 |ui|,127

and its transpose is denoted by u′, and we write u > 0 if ui > 0 for all i = 1, . . . , k.128

For a function f from [0,∞) to Rk, define129

|f |t = sup
0≤s≤t

|f(s)|, t ≥ 0,130

and131 ∫ t

s

f(u)du =

(∫ t

s

f1(u)du, . . . ,

∫ t

s

fk(u)du

)′
, [s, t] ⊂ [0,∞).132

For a differentiable function f : [0,∞) → R, denote by ḟ its derivative. We also use133

the following notation for the asymptotic behavior of nonnegative sequences {an} and134

{bn}:135

an = o(bn) if an/bn → 0 as n→∞,136

an = O(bn) if an/bn ≤ C for all n,137138

where C is a positive constant independent of n.139
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4 A. KHADEMI AND X. LIU

2. Problem Formulation. We consider an organ transplant system in which140

patients join a waiting list to receive organs. Upon arrival of an organ, a decision141

maker assigns it to a patient on the waiting list and a transplant is carried out. We142

categorize patients on the waiting list based on their different characteristics, such143

as age groups, blood types, and disease types, indexed by i ∈ I ≡ {1, 2, . . . , I}. So144

there are totally I numbers of patient queues. We assume that patients join queue145

i according to a Poisson process with time-varying rate {λi(t); t ≥ 0}. Similarly,146

we categorize organs (e.g., hearts) based on different characteristics to reflect their147

quality, indexed by h ∈ H = {1, 2, . . . ,H}, i.e., there are totally H numbers of148

organ groups (queues). The organs are assumed to arrive to queue h according to a149

Poisson process with time-varying rate {µh(t); t ≥ 0}. Poisson arrivals are standard150

assumptions in organ transplantation, e.g., see [6] for liver, and [33] for kidney. Also,151

we assume that if an organ is offered to a patient, it will be accepted by the patient,152

and if an organ becomes available and there is no patient in any queue, the organ153

becomes wasted. We further assume that a patient in queue i may die or delist (e.g.,154

because of unsuitability for transplantation) after an exponential amount of time with155

rate di. The constant di can be interpreted as the patient health deterioration rate.156

Although pre-transplant mortality may depend on patients’ waiting time, empirical157

studies show that isolating the effect of waiting time has a marginal impact on pre-158

transplant mortality. For example, using real data for heart transplantation, [16]159

showed that the pre-transplant mortality for patients who wait nine months (the160

expected waiting time to transplantation is seven months for heart) is increased only161

by 2%, on average, compared to no waiting. At last, patients can also move from one162

queue to another as their characteristics change (e.g., due to health deterioration).163

For simplicity, we assume that a patient moves from queue i to queue j after an164

exponential time with rate ρij .165

Fig. 1. A schematic view of transplant queueing systems

Let (Ω,F ,P) be a complete probability space. All the random variables and166

stochastic processes in this section are assumed to be defined on this space. The167

expectation under P will be denoted by E. Let Ni, N
a
i , N

b
ik, i, k ∈ I, be independent168

unit rate Poisson processes that will be used to model the arrivals, abandonment,169

and class changes for patients. Independent of these Poisson processes, let Ah be170

a Poisson process with time-varying intensity {µh(t); t ≥ 0}, which represents the171
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arrival process of organs to queue h. Denote by Xi(t) the number of patients in queue172

i at time t, and Uhi(t) the number of organs of type h assigned to patients in queue173

i up to time t. Then for t ≥ 0, we have174

(2.1)

Xi(t) = Xi(0) +Ni

(∫ t

0

λi(τ)dτ

)
−Na

i

(∫ t

0

diXi(τ)dτ

)
−
∑
k 6=i

N b
ik

(∫ t

0

ρikXi(τ)dτ

)
+
∑
l 6=i

N b
li

(∫ t

0

ρliXl(τ)dτ

)
−
∑
h

Uhi(t) ≥ 0,

175

where {Uhi(t); t ≥ 0} is a counting process with nondecreasing sample paths satisfying176

Uhi(0) = 0, and
∑
i∈I

Uhi(t) ≤ Ah(t), for all t ≥ 0,(2.2)177

178

and the initial value Xi(0), i ∈ I is independent of the Poisson processes Ni, N
a
i , N

b
ik,179

i, k ∈ I, and Ah, h ∈ H.180

An allocation policy π(t) = (πhi(t))H×I , t ≥ 0, determines which patient queue is181

offered the arriving organ at time t. Each component πhi(t) equals to 0 or 1. When182

πhi(t) = 1, then an organ of type h is arriving at time t and it is assigned to the first183

patient in queue i instantaneously. When πhi(t) = 0, then either no organ of type h184

arrives at time t, or the arriving organ of type h at time t is assigned to a patient185

queue j 6= i, or the patient queues are all empty and the arriving organ of type h at186

time t is wasted. Thus for h ∈ H and i ∈ I,187

Uhi(t) =

Ah(t)∑
k=1

1{πhi(νh,k) = 1},(2.3)188

189

where {νh,k}∞k=1 are the arrival times of the organ arrival process Ah. An allocation190

policy π ≡ {π(t); t ≥ 0} is required not to anticipate the future. More precisely, define191

the filtration192

Ft = σ

{(
Xi(s−), Uhi(s−), Ni

(∫
[0,s]

λi(τ)dτ

)
, Na

i

(∫
[0,s)

diXi(τ)dτ

)
,193

N b
ik

(∫
[0,s)

ρikXi(τ)dτ

))
, h ∈ H, i, k ∈ I, 0 ≤ s ≤ t

}
,194

195

which represents all the information available to the decision maker at time t to196

allocate the arriving organ. A policy π is said to be admissible if it is non-anticipative,197

i.e., π(t) ∈ Ft for t ≥ 0. The allocation process Uhi(t), t ≥ 0, h ∈ H, i ∈ I, defined under198

an admissible policy π is called an admissible allocation process. Throughout the199

paper, we use π and U equivalently and intermittently when referring an admissible200

policy.201

The control problem we consider is over a finite time horizon T . To ease notation,202

we introduce the following vectors and matrices to provide a matrix format formula-203

tion for the queueing control problem (QCP). Let X = {(X1(t), . . . , XI(t)); t ∈ [0, T ]},204

Uh = {(Uh1(t), . . . , UhI(t))
′; t ∈ [0, T ]}, λ = {(λ1(t), . . . , λI(t))

′; t ∈ [0, T ]}, µ =205

{(µ1(t), . . . , µH(t))′; t ∈ [0, T ]}. Next let d be the I × I diagonal matrix with di being206

the i-th diagonal, ρ = (ρij)I×I (note that ρii = 0), and % = (%ij)I×I be the I×I diago-207

nal matrix with %ii =
∑
j 6=i ρij being the i-th diagonal. Denote by 1 the I-dimensional208
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6 A. KHADEMI AND X. LIU

column vector of ones, and ei the unit vector with one in the i-th coordinate. Finally,209

define the martrix-formed allocation process U = {(Uhi(t))H×I ; t ∈ [0, T ]}.210

We consider a decision maker who seeks to maximize the total life years (pre- and211

post-transplant life years) of the entire population in a given horizon T . This objective212

function is a common measure of efficiency in organ transplantation literature, e.g.,213

see [8] and references therein. Let αhi be the expected post-transplant life years214

for patients in queue i transplanted by organs of type h; and βi be the expected215

future life years of patients in queue i at the end of the planning horizon T . Define216

αh = (αh1, . . . , αhI)
′, and β = (β1, . . . , βI)

′. Given the initial value X(0) ∈ RI+, the217

objective is then to select an admissible allocation policy to maximize218

J (U ;X(0),M) ≡ E

{∫ T

0

1′X(τ)dτ +
∑
h∈H

α′hUh(T ) + β′X(T )

}
,(2.4)219

220

where M ≡ (λ, µ, d, ρ, α, β) that represents the information known to the decision221

maker, and in practice the decision maker can estimate M using historical data.222

The QCP formulated above is intractable for direct analysis. In our asymptotic223

analysis, a deterministic fluid control problem (FCP) is developed, which can be224

solved explicitly. We then construct a policy for (2.4) by using the optimal solution225

of the FCP, and show that the proposed policy provides an upper bound, and is226

asymptotically optimal for (2.4).227

3. Fluid Control Problem. Fluid models describe the average behavior of228

stochastic systems, and provide good approximations for large scaled nonstationary229

stohastic systems (see e.g., [23, 22]). We introduce the following deterministic fluid230

control problem, which serves as an upper bound for the stochastic control problem231

developed in Section 2, and analyze its optimal solutions.232

Let U be an admissible allocation process for (2.4). Taking expectations in (2.1)233

and (2.2) yields that for t ∈ [0, T ],234

E(X(t)) = E(X(0)) +

∫ t

0

λ(τ)dτ −
∫ t

0

(d+ %− ρ′)E(X(τ))dτ −
∑
h∈H

E(Uh(t)) ≥ 0,235

1′E(Uh(t)) ≤
∫ t

0

µh(τ)dτ, ∀h ∈ H,236
237

and238

E(U(0)) = 0, and E(U(t)) is nondecreasing in t.239240

Now let xi(t) = E(Xi(t)) and uhi(t) = E(Uhi(t)) for t ∈ [0, T ]. We define a determin-241

istic control problem associated with the state process xi and the control process uhi.242

Let x = {(x1(t), . . . , xI(t))
′; t ∈ [0, T ]}, uh = {(uh1(t), . . . , uhI(t))

′; t ∈ [0, T ]}, and243

define the matrix function u = {(uhi(t))H×I ; t ∈ [0, T ]}.244

Let x0 ∈ RI+. For the given data M≡ (λ, µ, d, ρ, α, β), we consider the following245

deterministic control problem, which will be referred to as the fluid control problem246

(FCP) associated with x0 and M.247

Definition 3.1. Given x0 ∈ RI+ and M, the FCP associated with x0 and M248
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selects a H × I matrix function u : [0, T ]→ RHI+ , to maximize249

J̄ (u;x0,M) ≡
∫ T

0

1′x(τ)dτ +
∑
h∈H

α′huh(T ) + β′x(T )(3.1a)250

subject to the following conditions: For t ∈ [0, T ],251

x(t) = x0 +

∫ t

0

λ(τ)dτ −
∫ t

0

(d+ %− ρ′)x(τ)dτ −
∑
h∈H

uh(t) ≥ 0,(3.1b)252

1′uh(t) ≤
∫ t

0

µh(τ)dτ, ∀h ∈ H,(3.1c)253

u(0) = 0, and u(t) is nondecreasing in t.(3.1d)254255

We assume that the arrival rate functions λ : [0, T ]→ RI+ and µ : [0, T ]→ RH+ are256

continuous. Then there exists an optimal solution to the FCP associated with x0 and257

M (see Theorem 3.1 in [15]). The optimal solutions to the FCP will be characterized258

in Proposition 3.3. Denote by J̄ ∗(x0,M) the optimal value of the FCP associated259

with x0 and M. One immediate result is that the FCP provides an upper bound260

for the original stochastic control problem (2.4), which is formalized in the following261

proposition.262

Proposition 3.2. Let U be an admissible allocation process for (2.4). Then263

J (U ;X(0),M) ≤ J̄ (E(U);E(X(0)),M).264

In particular,265

sup
U
J (U ;X(0),M) ≤ J̄ ∗(E(X(0)),M),266

where the supremum is taken over all the admissible allocation processes.267

For the rest of the section, we study the optimal solutions to the FCP. We first268

provide an equivalent formulation for the FCP (3.1), which is in the standard form of269

optimal control theory. To that end, noting that the control process u is Lipstchitz270

continuous, for i ∈ I, h ∈ H, and t ∈ [0, T ], let rhi(t) = u̇hi(t), and it represents271

the rate at which organs of type h are assigned to patients of type i at time t. Let272

rh = {(rh1(t), . . . , rhI(t))
′; t ∈ [0, T ]} and r = {(rhi(t))H×I ; t ∈ [0, T ]}. For given273

x0 ∈ RI+ andM = (λ, µ, d, ρ, α, β), the formulation (3.1) is equivalent to the following274

linear optimal control with pure state constraints.275

max
r
J̄ (r;x0,M) ≡

∫ T

0

(
1′x(t) +

∑
h∈H

α′hrh(t)

)
dt+ β′x(T )(3.2a)276

subject to the following conditions: For t ∈ [0, T ],277

ẋ(t) = λ(t)− (d+ %− ρ′)x(t)−
∑
h∈H

rh(t),(3.2b)278

1′rh(t) ≤ µh(t), ∀h ∈ H,(3.2c)279

r(t) ≥ 0,(3.2d)280

x(t) ≥ 0.(3.2e)281282

The following proposition, adapted from [1], characterizes the structure of the op-283

timal policy. The structure is further generalized to incorporate fairness constraints in284
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8 A. KHADEMI AND X. LIU

[16]. Let ki(t) be the shadow price (also known as the costate in optimal control) of the285

i-th constraint in (3.2b), which can be interpreted as a measure of the benefit the pa-286

tients in queue i gain if not transplanted (see [1]). Let k(t) = (k1(t), k2(t), . . . , kI(t))
′287

for t ∈ [0, T ].288

Proposition 3.3 ([1]). A feasible allocation control r ≡ {r(t); t ∈ [0, T ]} is289

an optimal solution to the optimal control problem (3.2) with the corresponding state290

process x ≡ {x(t); t ∈ [0, T ]} if and only if there exist an I-dimensional shadow price291

{k(t); t ∈ [0, T ]}, and an I-dimensional nonnegative piecewise absolutely continuous292

function {w(t); t ∈ [0, T ]} satisfying w(t)′x(t) = 0 such that293

(3.3) k̇(t) = (d+ %− ρ′)k(t)− 1− w(t), t ∈ [0, T ], k(T ) = β,294

and295

rh(t) ∈ arg max
z∈RI

+

{(αh − k(t))′z : 1′z ≤ µh(t)}, h ∈ H.(3.4)296

297

Remark 3.4. Given the shadow price k(t), the optimization problem (3.4) is a298

linear knapsack problem with unit weights in the constraint for which the optimal299

solution is found by sorting the coefficients in the objective function. Therefore, the300

optimal policy for the the optimal control (3.2) is of priority rule type, i.e., if an organ301

of type h arrives, the decision maker sorts the queues in a descending order based on302

coefficients αh − k(t), and assigns it to the nonempty queue with highest priority.303

As interpreted in [1], the shadow price ki(t), i ∈ I, measures the future benefit of304

patients of class i without a transplant, and αh−k(t) captures the difference in benefit305

with versus without transplantation with organs of type h. Thus the optimal policy306

is to assign the arriving organ to the patient queue with the highest transplantation307

benefit.308

Calculating the priority rule depends on the value of shadows prices at each309

time. One way to calculate k(t) is to discretize the optimal control problem (3.2)310

and because the discretized version is a linear program (LP), one may find the dual311

values computationally for each discretized time points. Another approach uses the312

fact that in an overloaded system where x(t) > 0, k(t) is a solution to the following313

differential equation314

k̇(t) = (d+ %− ρ′)k(t)− 1,315

with k(T ) = β, which can be solved by using the matrix methods for linear ordinary316

differential equations [24].317

Remark 3.5. In formulating the stochastic control problem, we assumed that each318

organ can be assigned to any class of patients. However, this assumption in the deter-319

ministic control problem is not restrictive because one may define a set of infeasible320

allocation, denoted by INF, such that uhi(t) = 0 for all t ∈ [0, T ] for all organ-patient321

pair (h, i) ∈ INF. Following a similar steps in proving Proposition 3.3 shows that322

in the presence of such constraints the optimal policy is still a priority rule and in323

particular one solves the following knapsack324

(3.5) rh(t) ∈ arg max
z∈RI

+

{(αh − k(t))′z : e′z ≤ µh(t), zhi = 0, (h, i) ∈ INF}, h ∈ H.325

However, the shadow price k(t) may change.326
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Remark 3.6. Recall that, in our model, patients are assumed to accept the offered327

organs. In order to incorporate different patient choices – accepting or declining the328

offer, for h ∈ H, let Ph denote the I × I diagonal matrix with Phi’s on its diagonal,329

where Phi is the probability that an organ of type h is transplanted in queue i upon330

offer. Note that the cold ischemic time for an organ is limited, and so the number331

of times that an organ can be offered upon patient rejection is limited. Therefore, if332

we denote by D the number of times an organ can be offered and phi the probability333

that a patient of type i will accept an organ of type h, then Phi = 1 − (1 − phi )D.334

Therefore, the objective function of (3.2) changes to335 ∫ T

0

(
1′x(t) +

∑
h∈H

α′hPhrh(t)

)
dt+ β′x(T ),336

and the optimal solution solves337

rh(t) ∈ arg max
z∈RI

+

{(α′hPh − k′(t))z : e′z ≤ µh(t), , zhi = 0, (h, i) ∈ INF}, h ∈ H.338

4. Asymptotic Optimality. This section develops an asymptotic framework,339

in which the suitably scaled stochastic control problem approaches a FCP as the340

system scale grows. We introduce a parameter n, which represents the system scale,341

and we will assume that the arrival rates of patients and organs are O(n). To make it342

precise, we consider a sequence of transplant queueing systems as described in Section343

2, indexed by n ∈ N. For the n-th system, we append a superscript n to all system344

processes, random variables, and parameters. In particular, on the space (Ωn,Fn,Pn),345

the processes Xn
i (t) and Unhi(t) are described as follows:346

(4.1)

Xn
i (t) = Xn

i (0) +Nn
i

(∫ t

0

λni (τ)dτ

)
−Na,n

i

(∫ t

0

dni X
n
i (τ)dτ

)
−
∑
k 6=i

N b,n
ik

(∫ t

0

ρnikX
n
i (τ)dτ

)
+
∑
l 6=i

N b,n
li

(∫ t

0

ρnliX
n
l (τ)dτ

)
−
∑
h∈H

Unhi(t) ≥ 0.

347

An allocation policy πn is admissible if πn ∈ Fnt , where348

Fnt = σ

{(
Xn
i (s−), Unhi(s−), Nn

i

(∫
[0,s]

λni (τ)dτ

)
, Nn,a

i

(∫
[0,s)

dni X
n
i (τ)dτ

)
,349

Nn,b
ik

(∫
[0,s)

ρnikX
n
i (τ)dτ

))
, h ∈ H, i, k ∈ I, 0 ≤ s ≤ t

}
.350

351

Under an admissible allocation policy πn, the admissible allocation process is given352

by353

Unhi(t) =

An
h(t)∑
k=1

1{πnhi(νnh,k) = 1}, h ∈ H, i ∈ I, t ∈ [0, T ].(4.2)354

355

The objective is to choose πn to maximize356

J n(Un;Xn(0),Mn) ≡ E

{∫ T

0

1′Xn(τ)dτ +
∑
h∈H

(αnh)′Unh (T ) + (βn)′Xn(T )

}
,357

This manuscript is for review purposes only.



10 A. KHADEMI AND X. LIU

where Mn = (λn, µn, dn, ρn, αn, βn).358

We make the following assumptions on the model parameters and arrival rate359

functions.360

Assumption 4.1 (Large scaled system).361

(i) For each n ∈ N, the arrival rate funtions λn : [0, T ] → RI+ and µn : [0, T ] →362

RH+ are continuous, and there exist continuous functions λ̄ : [0, T ]→ RI+ and363

µ̄ : [0, T ]→ RH+ such that as n→∞,364 ∣∣∣∣λnn − λ̄
∣∣∣∣
T

→ 0,

∣∣∣∣µnn − µ̄
∣∣∣∣
T

→ 0.365

(ii) For each n ∈ N, the parameters dn, ρn, αn, and βn are nonnegative, and for366

i, j ∈ I and h ∈ H, there exist nonnegative constants ᾱhi, β̄i, d̄i, ρ̄ij such that367

as n→∞,368

αnhi → ᾱhi, β
n
i → β̄i, d

n
i → d̄i, ρ

n
ij → ρ̄ij .369

Remark 4.2. From the above assumptions, the arrival rates of patients and organs370

in the n-th system grow in the order of O(n). However, the abandonment and class371

change rates are of order O(1), which make them much smaller than the arrival372

rates especially when n becomes large. Nevertheless, the abandonment and class373

change processes are non-negligible in fluid limits as it is shown in the following374

analysis. Moreover, if the abandonment rates grow too fast (resp. too slowly), one375

can show that the fluid limit of the state process Xn becomes zero (resp. infinity);376

see [14, 20, 27, 23, 21] for similar types of scaling in queueing systems.377

Under Assumption 4.1, the system grows to infinity as n → ∞. To establish378

nontrivial limits, we consider the following fluid scaled processes and fluid scaled379

arrival rates: For t ≥ 0, define380

X̄n(t) =
Xn(t)

n
, Ūn(t) =

Un(t)

n
, λ̄n(t) =

1

n
λn(t), µ̄n(t) =

1

n
µn(t).381

382

Define the fluid scaled objective function by383

J̄ n(Un;Xn(0),Mn) =
J n(Un;Xn(0),Mn)

n
384

= E

{∫ T

0

1′X̄n(τ)dτ +
∑
h∈H

(αnh)′Ūnh (T ) + (βn)′X̄n(T )

}
.(4.3)385

386

Assumption 4.3 (Initial condition). For some deterministic x̄(0) ∈ RI+ \ {0},387

lim
n→∞

E[|X̄n(0)− x̄(0)|] = 0.388
389

Let M̄ ≡ (λ̄, µ̄, d̄, ρ̄, ᾱ, β̄). Consider the FCP associated with x̄(0) and M̄, and390

let J̄ ∗(x̄(0),M̄) denote its optimal value.391

Proposition 4.4. Under Assumptions 4.1 and 4.3, for any admissible allocation392

policy πn,393

lim sup
n→∞

J̄ n(Un;Xn(0),Mn) ≤ lim sup
n→∞

1

n
J̄ (E(Un);E(Xn(0)),Mn)394

≤ J̄ ∗(x̄(0),M̄).395396
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Remark 4.5. From Proposition 3.2, for each n ∈ N,397

J̄ n(Un;Xn(0),Mn) =
1

n
J n(Un;Xn(0),Mn) ≤ 1

n
J̄ (E(Un);E(Xn(0)),Mn),398

which yields the first inequality. A key ingredient to prove the second inequality399

is to show that the expected fluid scaled allocation process E(Ūn) and its associated400

state process in the FCP associated with E(X̄(0)) and M̄n are uniformly bounded and401

Lipschitz continuous, and then to apply Arzela-Ascoli Theorem to obtain a convergent402

subsequence.403

We next make the following overloaded assumption.404

Assumption 4.6 (Overloaded system). Let {x∗(t); t ∈ [0, T ]} be an optimal405

solution to the control problem (3.2) associated with x̄(0) and M̄. Then x∗(t) > 0 for406

t ∈ [0, T ].407

Remark 4.7. The transplant systems are usually heavily overloaded with a large408

number of patients waiting for organs. Similar assumptions are imposed in analyzing409

behaviors of such systems in, for example, [38, 1, 27]. In particular, [38] studied a410

transplant queueing system with constant arrival rates for both patients and organs,411

and considered a randomized allocation policy, under which the intensity for each412

patient queue can be defined using the mean allocation rates. And the overloaded413

condition, i.e., the intensity greater than one, was assumed for each patient queue.414

In [27], the authors assume that the fluid limit of the idle time process is zero, which415

implies that the system is overloaded.416

Under Assumption 4.6, in the n-th system, it is possible that during a time period417

the allocation rate of organs to a patient queue is greater than its patient arrival rate,418

and is also possible that a patient queue becomes empty for a short time period.419

An obvious sufficient condition for Assumption 4.6 is each patient arrival rate is420

strictly greater than the sum of organ arrival rates, i.e.,
∫ t
0
λi(s)ds >

∫ t
0

∑
h∈H µh(s)ds421

for t ∈ [0, T ] and i ∈ I. We also note that a necessary condition is
∫ t
0

∑
i∈I λi(s)ds >422 ∫ t

0

∑
h∈H µh(s)ds for t ∈ [0, T ].423

Following Remark 3.4, we construct an optimal priority type allocation policy424

for the FCP associated with x̄0 and M̄. Under Assumption 4.6, the shadow price425

{k(t); t ∈ [0, T ]} is the unique solution to the linear system426

(4.4) k̇(t) = (d̄+ %̄− ρ̄′)k(t)− 1, t ∈ [0, T ], k(T ) = β̄.427

We rank the components of ᾱh − k(t) in descending order, and use Zh(t) ≡ (Zh〈1〉(t),428

. . . , Zh〈I〉(t)) to record the indices of the ranked components. The patient queue with429

index Zh〈i〉(t) has the i-th highest priority to receive the organ of type h that is arriving430

at time t. If ᾱh − k(t) has tied components, we group the tied components, rank the431

groups in descending order, and within each group, we rank the components according432

to their indices in ascending order. For example, Zh〈1〉(t) denotes the smallest index of433

the (tied) largest components. Noting that k(·) is smooth, the index function Zh(·)434

changes values only finite times, and we can choose its values at the jump times435

properly to make it left continuous with right limits. For i ∈ I, denote by r∗hi(t) the436

optimal allocation rate for organs of type h to patients in queue i at time t. Then for437

t ∈ [0, T ],438

r∗h,Zh
〈1〉(t)

(t) = µh(t), r∗h,i(t) = 0, i 6= Zh〈1〉(t).(4.5)439
440
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12 A. KHADEMI AND X. LIU

In particular, the optimal solution r∗ = {(r∗hi(t))H×I ; t ∈ [0, T ]} is unique as the linear441

system (4.4) has a unique solution k(·). For t ∈ [0, T ], define the cumulative allocation442

process u∗ to be443

u∗(t) =

∫ t

0

r∗(s)ds, t ∈ [0, T ].(4.6)444
445

Now consider the n-th transplant queueing system. We propose the following446

allocation policy πn,∗. Recall that the organs of type h arrive according to independent447

time-varying Poisson processes Anh. Let νnh,m denote the arrival time of the m-th448

organ of type h. At the arrival time νnh,m, the decision maker will consider a priority449

list Zh(νnh,m) = (Zh〈1〉(ν
n
h,m), . . . , Zh〈I〉(ν

n
h,m)) such that the patient queue with index450

Zh〈i〉(ν
n
h,m) has the i-th highest priority to receive this organ of type h. The organ451

will be assigned to the nonempty patient queue with the highest priority; if all queues452

were empty, the organ is wasted. Therefore, under πn,∗, the cumulative number of453

organs of type h assigned to queue i under such allocation is given by454

(4.7)

Un,∗hi (t) =

An
h(t)∑
m=1

I∑
j=1

1

(
Zh〈j〉(ν

n
h,m) = i,Xn

i (νnh,m−) > 0,

Xn
Zh

〈k〉(ν
n
h,m)(ν

n
h,m−) = 0, k = 1, 2, . . . , j − 1

)
.

455

Let Xn,∗ denote the state process under the control process Un,∗ in the n-th456

system, and let x∗ denote the state process under the optimal control u∗ (4.6) in the457

FCP associated with x̄0 and M̄.458

Theorem 4.8. Under Assumptions 4.1, 4.3, and 4.6, as n→∞,459 ∣∣(X̄n,∗, Ūn,∗)− (x∗, u∗)
∣∣
T
→ 0, in probability.(4.8)460461

The next theorem shows that the upper bounds in Proposition 4.4 can be achieved462

under the proposed policy as n→∞.463

Theorem 4.9. Under Assumptions 4.1, 4.3, and 4.6,464

J n(Un,∗;Xn(0),Mn) = J̄ ∗(E(Xn(0)),Mn) + o(n), as n→∞.465

As a consequence of Theorem 4.9, the proposed policy Un,∗ = {(Un,∗hi (t))H×I ; t ∈466

[0, T ]} is asymptotically optimal, i.e., for an arbitrary sequence of admissible control467

processes {Un}n∈N,468

lim
n→∞

J̄ n(Un,∗;Xn(0),Mn) ≥ lim sup
n→∞

J̄ n(Un;Xn(0),Mn).469

Remark 4.10. Consider an overloaded transplant system with rate functions and470

parameters given by Mn ≡ (λn, µn, dn, ρn, αn, βn) satisfying Assumption 4.1. In471

practice, it means the arrival rates of both patients and organs are large, and they472

are much larger than the abandonment and class change parameters. Theorem 4.9473

indicates that for such a system, our proposed policy Un,∗ is near optimal with error474

o(n).475

Remark 4.11. As mentioned in the section of introduction, fairness is another476

important objective in designing transplant allocation rules. One measure of fairness477
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predominately used in the literature and practice is to minimize the pre-transplant478

mortality. That is, min
∫ T
0

∑
i∈I diXi(t)dt, where di is the death rate for patients of479

Class i and Xi(t) denotes the number of patients of Class i waiting in the system at480

time t as formulated in (2.1) and (2.2). The corresponding FCP can be constructed481

similarly and the objective function becomes min
∫ T
0

∑
i∈I dixi(t)dt with the same482

constraints as in the formulation (3.2). Similar arguments to the proof of Proposition483

3.3 shows that the optimal policy is also of priority type. One can also construct484

asymptotic results similar to Theorems 4.8 and 4.9 for fairness objective. However,485

we do not show the details due to similarity of the analysis.486

5. Sensitivity Analysis. Consider a transplant queueing system as described487

in Section 2, with rate functions and parameters M ≡ (λ, µ, d, ρ, α, β). In practice,488

one needs to estimate these parameters using historical data. Denote by M̂N ≡489

(λ̂N , µ̂N , d̂N , ρ̂N , α̂N , β̂N ) a sample estimator computed from a sample with size N .490

Assume that the estimator is consistent, i.e., as N →∞,491

|λ̂N −λ|T + |µ̂N −µ|T + |d̂N −d|+ |ρ̂N − ρ|+ |α̂N −α|+ |β̂N −β| → 0, in probability.492

The priority allocation rule is constructed by these estimators. Specifically, a priority493

list is created based on the vector α̂Nh − kN (t), where kN (t) satisfies the following494

linear system:495

k̇N (t) = (d̂N + %̂N − (ρ̂N )′)kN (t)− 1, t ∈ [0, T ], kN (T ) = β̂N .496

A priority list Zh,N (t) = (Zh,N〈1〉 (t), . . . , Zh,N〈I〉 (t))′ at time t for organs of type h can be497

constructed based on the components of α̂Nh − kN (t) following the way below (4.4).498

Define499

uN,∗hi (t) =

∫ t

0

µ̂Nh (s)1(Zh,N〈1〉 (s) = i)ds, h ∈ H, i ∈ I, t ∈ [0, T ].500
501

Then uN,∗ is an optimal solution to the FCP associated with E(X(0)) and M̂N if502

Assumption 4.6 holds.503

The following proposition shows the robustness of the FCP with respect to the504

rate functions and parameters.505

Proposition 5.1. Assume that the FCP associated with E(X(0)) and M̂N sat-506

isfies Assumption 4.6 for all large N . Then507

lim
N→∞

J̄ ∗(E(X(0)),M̂N ) = J̄ ∗(E(X(0)),M).508

If further αh − k(t) has a unique largest component for almost everywhere t ∈ [0, T ],509

then510

lim
N→∞

|uN,∗ − u∗|T → 0.511

Similar to (4.7), one can construct an allocation process UN,∗ for the stochastic512

QCP (2.4) associated with M̂N , that is for h ∈ H and i ∈ I,513

UN,∗hi (t) =

Ah(t)∑
m=1

I∑
j=1

1

(
Zh,N〈j〉 (νh,m) = i,XN

i (νh,m−) > 0,514

XN
Zh,N

〈k〉 (νh,m)
(νh,m−) = 0, k = 1, 2, . . . , j − 1

)
,515

516
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14 A. KHADEMI AND X. LIU

where XN is the corresponding state process with XN (0) = X(0) and MN . In view517

of Proposition 5.1 and Theorem 4.9, when518

(i) the transplant system is overloaded,519

(ii) both λ̂N and µ̂N are much larger than d̂N , ρ̂N , α̂N , and β̂N ,520

we have521

J (UN,∗;X(0),M̂N ) = J̄ ∗(E(X(0)),M) + o
(
|λ̂N |T

)
,(5.1)522

523

which says that the proposed allocation policy is near optimal with error o(|λ̂N |T ).524

6. Numerical Results. In this section, we provide a numerical example to525

illustrate the behavior of the FCP upper bound derived in Proposition 3.2, and the526

performance of the proposed policies via simulations. In particular, we design a527

transplant system, where there are four patient groups and two organ types. The528

horizon is set to T = 365 days. The patient arrival rates are λ = (1, 3, 2, 1)′ per529

day, and organ arrival rates are µ = (1, 2)′ per day. The death rates (per day) for530

patient groups are d = diag(0.2, 0.04, 0.02, 0.2) and final rewards for patients on the531

waiting list at the end of the horizon are β = (20, 17, 16, 16)′. We set rewards from532

transplanting with organ type 1 as α1 = (10, 50, 100, 10) and those with organ type 2533

as α2 = (10, 50, 100, 10)′. The class-change rate matrix ρ is presented in Table 1. We534

set the initial population to be X(0) = (10, 15, 20, 25)′.535

We solve the FCP (3.2) by discretizing time. By doing so the FCP (3.2) becomes536

a linear program (LP), which is easy to solve. Moreover, since optimal control (3.2)537

satisfies conditions in a corollary for Theorem 3 in [9], as the number of discretization538

steps increases, the optimal value of the discretized version of the FCP converges to539

the optimal value of the FCP.540

Table 1
Patient class change probabilities

Patient group 1 2 3 4
1 - 0.014 0.0006 0.002
2 0.0043 - 0.0008 0.0021
3 0.0001 0.0007 - 0.0014
4 0.00019 0.00011 0.00028 -

To construct the nth system in the asymptotic framework, we set λn = nλ+
√
n,541

µn = nµ +
√
n, ρn = ρ, αn = α, βn = β. Then, we plug these quantities into the542

FCP (3.2) and solve its discretized version, which is a linear program, and report its543

objective function divided by n. Furthermore, we simulate the stochastic system using544

our proposed policy to observe its performance. To that end, for each given n, we find545

the shadow price kn(t) at each time t by extracting the optimal dual value for the546

corresponding constraint of the LP. Note that if the state is positive at all time, one can547

solve the system of linear differential equations in (4.4) to calculate the shadow prices548

for all time. However, the approach we use in this section is more general and can be549

used for the cases that the state becomes zero over a time interval. Then, at each time550

t, we construct the priority list Zh,n for the organs of type h based on αnh − kn(t) and551

allocate the arrived organ to the nonempty patient group with the highest priority.552

In each patient group, we follow a first-come first-serve discipline. If all the patient553

groups was empty, the organ becomes wasted. In the stochastic simulation, we follow554

the above policy and find the expected life years and divide the objective by n. The555
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Fig. 2. The four curves represent the queue sizes in the four classes of patients. In particular,
X3(·) stays at 0 after a short time period.

state process {X(t) = (X1(t), X2(t), X3(t), X4(t)); t ≥ 0} is given in Figure 2. We556

note that X3(·) stays at 0 after a short time period, which voids Assumption 4.6.557

However, using the above method, we can compute kn(t), t ∈ [0, T ]. In Figure 3,558

the upper dashed red curve FCP(n)/n shows the fluid scaled optimal value of the559

FCP associated with nX(0) +
√
n and Mn = (λn, µn, dn, ρn, αn, βn); and the lower560

solid black curve Simulation(n)/n shows the fluid scaled value of the QCP associated561

with nX(0) +
√
n and Mn = (λn, µn, dn, ρn, αn, βn) under the proposed policy from562

simulations. As can be seen, the result from simulations fluctuates especially for small563

n and disappears for large n, and the two curves are getting close as n increases.564

7. Proofs. This section presents the proofs of propositions and theorems. We565

first show the C-tightness and uniform integrability of (X̄n, Ūn) under any admissible566

allocation policy πn. Next the asymptotic results of (X̄n,∗, Ūn,∗) under the proposed567

admissible allocation policy πn,∗ are provided. At last, we complete all the proofs of568

propositions and theorems in Sections 4 and 5.569

Proposition 7.1. Under any admissible allocation policy πn, {(X̄n, Ūn)}n∈N is570

C-tight and uniformly integrable.571

The proof of Proposition 7.1 is provided in the supplementary materials, and it is572

divided into Lemma SM0.1 (proving the stochastic boundedness), Lemmas SM0.2573

and SM0.3 (proving the convergence of the continuity modulus), and Lemma SM0.4574

(establishing the uniform integrability).575

We next consider the proposed allocation policy πn,∗. We first consider a modi-576

fication of πn,∗ and {Un,∗hi (t); t ∈ [0, T ]} defined in (4.7). Let π̃n denote this modified577

allocation policy, under which upon arrival of an organ of type h at time t, it will be578

assigned to the patient queue with index Zh〈1〉(t) if this patient queue is nonempty,579

and otherwise it will be wasted if it is empty. Denote by {Unhi(t); t ∈ [0, T ]} and580
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Fig. 3. The upper dashed red curve gives the fluid scaled optimal value of the FCP associated
with nX(0) +

√
n and Mn = (λn, µn, dn, ρn, αn, βn), and the lower solid black curve gives the fluid

scaled value of the QCP with nX(0) +
√
n and Mn under the proposed allocation policy.

{Xn(t) = (Xn1 (t), . . . ,XnI (t))′; t ∈ [0, T ]} the allocation and state processes under π̃n.581

Here Xn(0) = Xn(0). We have for h ∈ H, i ∈ I, and t ∈ [0, T ],582

Unhi(t) =

An
h(t)∑
m=1

1
(
Zh〈1〉(ν

n
h,m) = i, Xni (νnh,m−) > 0

)
.(7.1)583

584

Lemma 7.2. For t ∈ [0, T ] and i ∈ I, as n→∞, in probability,585 ∣∣∣∣∫ t

0

1(Zh〈1〉(τ) = i, X̄ni (τ−) > 0)dĀnh(τ)−
∫ t

0

1(Zh〈1〉(τ) = i, X̄ni (τ) > 0)µ̄h(τ)dτ

∣∣∣∣586

→ 0.587588

The proof of the above lemma can be found in the supplementary materials.589

Proposition 7.3. Under Assumptions 4.3, 4.1 and 4.6, as n→∞, in probabil-590

ity,591 ∣∣(X̄n, Ūn)− (x∗, u∗)
∣∣
T
→ 0.(7.2)592593

Proof. Under Assumption 4.6, the shadow price process {k(t); t ∈ [0, T ]} is dif-594

ferentiable, and consequently, for each h ∈ H, the index process {Zh(t); t ∈ [0, T ]}595

has a finite number of jumps for each of its components. We partition [0, T ] into596

M intervals [0, t1], (t1, t2], . . . , (tM−1, T ] such that during each subinterval, Zh(t) is597

constant. Let t0 = 0. It suffices to focus on each subinterval (ti, ti+1], and show that598

supt∈[ti,ti+1)

∣∣(X̄n(t), Ūn(t))− (x∗(t), u∗(t))
∣∣ → 0, in probability. Let’s focus on the599

subinterval [0, t1]. Denote by Zh〈1〉 the index of the patient queue of highest priority600

This manuscript is for review purposes only.



ALLOCATION FOR TRANSPLANT QUEUES 17

for the organs of class h during the subinterval [0, t1). Using Lemma 7.2, for t ∈ [0, t1],601 ∣∣∣∣∣∑
h∈H
Ūnhi(t)−

∑
h∈H

∫ t

0

µ̄h(τ)1(Zh〈1〉 = i, X̄ni (τ) > 0)dτ

∣∣∣∣∣602

=

∣∣∣∣∣∣ 1n
∑
h∈H

An
h(t)∑
m=1

1(Zh〈1〉 = i, X̄ni (νnh,m−) > 0)−
∑
h∈H

∫ t

0

µ̄h(τ)1(Zh〈1〉 = i, X̄ni (τ) > 0)dτ

∣∣∣∣∣∣603

≤
∑
h∈H

∣∣∣∣∫ t

0

1(Zh〈1〉 = i, X̄ni (τ−) > 0)dĀnh(τ)−
∫ t

0

µ̄h(τ)1(Zh〈1〉 = i, X̄ni (τ) > 0)dτ

∣∣∣∣604

→ 0.605606

Define the following centered process: For t ∈ [0, t1),607

M̄n
i (t) = N̄n

i

(∫ t

0

λ̄ni (τ)dτ

)
−
∫ t

0

λ̄ni (τ)dτ − N̄a,n
i

(∫ t

0

dni X̄ni (τ)dτ

)
+

∫ t

0

dni X̄ni (τ)dτ608

−
∑
k 6=i

(
N̄ b,n
ik

(∫ t

0

ρnikX̄ni (τ)dτ

)
−
∫ t

0

ρnikX̄ni (τ)dτ

)
609

+
∑
l 6=i

(
N̄ b,n
li

(∫ t

0

ρnliX̄nl (τ)dτ

)
−
∫ t

0

ρnliX̄nl (τ)dτ

)
610

+
∑
h∈H
Ūnhi(t)−

∑
h∈H

∫ t

0

µ̄h(τ)1(Zh〈1〉 = i, X̄ni (τ) > 0)dτ.611
612

From Proposition 7.1, X̄n is C-tight. By the functional law of large numbers, N̄n
i (·),613

N̄ b,n
ij (·), i, j ∈ I, all converge to the identity map ι : [0,∞) → [0,∞). Finally, by614

continuous mapping theorem, M̄n ⇒ 0.615

We next note that for t ∈ [0, t1],616

X̄ni (t) = X̄n
i (0) + M̄n

i (t)−
∫ t

0

dni X̄ni (τ)dτ −
∑
k 6=i

∫ t

0

ρnikX̄ni (τ)dτ +
∑
l 6=i

∫ t

0

ρnliX̄nl (τ)dτ617

+

∫ t

0

λ̄ni (τ)dτ −
∑
h∈H

∫ t

0

µ̄nh(τ)1(Zh〈1〉 = i, X̄ni (τ) > 0)dτ618

= X̄n
i (0) + M̄n

i (t)−
∫ t

0

dni X̄ni (τ)dτ −
∑
k 6=i

∫ t

0

ρnikX̄ni (τ)dτ +
∑
l 6=i

∫ t

0

ρnliX̄nl (τ)dτ619

+

∫ t

0

(
λ̄ni (τ)−

∑
h∈H

µ̄nh(τ)1(Zh〈1〉 = i)

)
dτ620

+

∫ t

0

(∑
h∈H

µ̄nh(τ)1(Zh〈1〉 = i)

)
1(X̄ni (τ) = 0)dτ.621

622

Let623

C̄ni (t) =

∫ t

0

(∑
h∈H

µ̄h(τ)1(Zh〈1〉 = i)

)
1(X̄ni (τ) = 0)dτ.624

625
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We note that C̄ni (0) = 0, C̄ni (t) is nondecreasing in t, and
∫ T
0
X̄ni (τ)dC̄ni (τ) = 0. Next626

let627

Z̄ni (t) = M̄n
i (t)−

∫ t

0

dni X̄ni (τ)dτ −
∑
k 6=i

∫ t

0

ρnikX̄ni (τ)dτ +
∑
l 6=i

∫ t

0

ρnliX̄nl (τ)dτ628

+

∫ t

0

(
λ̄ni (τ)−

∑
h∈H

µ̄nh(τ)1(Zh〈1〉 = i)

)
dτ.629

630

From [28], (X̄n, C̄n) = (Φ,Ψ)(Z̄n), where Φ and Ψ are Lipschitz continuous regulator631

mappings. The C-tightness of Z̄n yields that (X̄n, C̄n, Z̄n) is C-tight. Denote by632

(x̄, c̄, z̄) its weak limit. Then633

x̄i(t) = x̄i(0) + z̄i(t) + c̄i(t),634635

and636

z̄i(t) = −
∫ t

0

[(d̄+ %̄− ρ̄′)x̄(τ)]idτ +

∫ t

0

(
λ̄i(τ)−

∑
h∈H

µ̄h(τ)1(Zh〈1〉 = i)

)
dτ.637

638

Define ξ ∈ [0, t1] to be the first time x̄(·) attains the boundary of RI+. We will show639

that ξ doesn’t exist, and consequently, x̄i(t) > 0 for all t ∈ [0, t1] and i ∈ I. If there640

exists such a ξ, then for t ∈ [0, ξ], c̄(t) = 0, and for i ∈ I,641

x̄i(t) = x̄i(0)−
∫ t

0

[(d̄+ %̄− ρ̄′)x̄(τ)]idτ +

∫ t

0

(
λ̄i(τ)−

∑
h∈H

µ̄h(τ)1(Zh〈1〉 = i)

)
dτ.642

643

We note that x̄(·) is an optimal solution to the control problem (3.2) associated with644

the data M̄ over the time interval [0, ξ]. According to Assumption 4.6, x̄(t) > 0645

for t ∈ [0, ξ], which contradicts that x̄(ξ) = 0. Hence x̄i(t) > 0 and c̄i(t) = 0646

for all t ∈ [0, t1] and i ∈ I, and x̄(·) is an optimal solution to the control problem647

(3.2) associated with the data M̄ over the time interval [0, t1]. It follows now that648

sup0≤t≤t1
∣∣(X̄n(t), Ūn(t))− (x∗(t), u∗(t))

∣∣ → 0 in probability. The analysis of the649

convergence over other subintervals will be similar, and we omit the details.650

Lemma 7.4. Under Assumptions 4.1 and 4.6, for all t ∈ [0, T ], as n → ∞, in651

probability,652 ∣∣(X̄n, Ūn)− (X̄n,∗, Ūn,∗)
∣∣
T
→ 0.(7.3)653654

Proof. By the continuous mapping theorem and Proposition 7.3, we have655

inf
0≤t≤T

X̄n(t)→ inf
0≤t≤T

x∗(t), in probability.(7.4)656
657

Noting that x∗i (t) is absolutely continuous for t ∈ [0, T ], which implies that

inf
0≤t≤T

x∗i (t) > 0.

For ε ∈ (0,mini∈I inf0≤t≤T x
∗
i (t)), we have658

lim
n→∞

P
(

inf
0≤t≤T

X̄ni (t) ≥ inf
0≤t≤T

x∗i (t)− ε for all i ∈ I
)

= 1.659
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Fix an ε ∈ (0,mini∈I inf0≤t≤T x
∗
i (t)), and let An = {inf0≤t≤T Xni (t) ≥ inf0≤t≤T x

∗
i (t)−660

ε for all i ∈ I}. On An, Xn(t) > 0 for all t ∈ [0, T ], and the modified policy Unhi(t) =661 ∑An
h(t)

m=1 1(Zh〈1〉(ν
n
h,m) = i). Recall that, under the proposed policy Un,∗, for t ∈ [0, T ],662

Xn,∗
i (t) = Xn

i (0) +Nn
i

(∫ t

0

λni (τ)dτ

)
−Na,n

i

(∫ t

0

dni X
n,∗
i (τ)dτ

)
663

−
∑
k 6=i

N b,n
ik

(∫ t

0

ρnikX
n,∗
i (τ)dτ

)
+
∑
l 6=i

N b,n
li

(∫ t

0

ρnliX
n,∗
l (τ)dτ

)
−
∑
h∈H

Un,∗hi (t),664

665

and666

Un,∗hi (t) =

An
h(t)∑
m=1

I∑
j=1

1

(
Zh〈j〉(ν

n
h,m) = i,Xn,∗

i (νnh,m−) > 0, Xn,∗
Zh

〈k〉(ν
n
h,m)

(νnh,m−) = 0,667

k = 1, 2, . . . , j − 1

)
.668

669

Let β denote the first time the process Xn,∗ reaches the boundary of RI+. For t ∈ [0, β),670

we have Xn,∗(t) > 0, and671

Un,∗hi (t) =

An
h(t)∑
m=1

1(Zh〈1〉(ν
n
h,m) = i).672

673

It now follows that for all t ∈ [0, β),674

Un,∗(t) = Un(t), Xn,∗(t) = Xn(t).675

At the time β, if an organ of type h arrives, it will be assigned to the patient queue676

with index Zh〈1〉(β) under both the modified allocation policy π̃n and the policy πn,∗.677

Thus we have678

Un,∗(β) = Un(β), Xn,∗(β) = Xn(β).679

Now on An, Xn,∗(β) = Xn(β) > 0, which contradicts the definition of β. Hence on An,680

Xn,∗(t) > 0 for all t ∈ [0, T ], which says that Un,∗hi (t) = Unhi(t) and Xn,∗(t) = Xn(t)681

for all t ∈ [0, T ]. Noting that P(An)→ 1, the lemma follows.682

We now provide the complete proofs of all theorems and propositions.683

Proof of Proposition 3.2. For an admissible process {U(t); t ∈ [0, T ]} defined in684

(2.3), let u(t) = E(U(t)) and x(t) = E(X(t)). Then (x, u) satisfies the constraints of685

the FCP, thus a feasible solution. Also, the objective function of the stochastic QCP686

is linear in X(t) and U(t), and then the objective function of (2.4) and (3.1) become687

equivalent. Therefore,688

J (U ;X(0),M) ≤ J̄ (E(U);E(X(0)),M).689

Taking supremum from both sides yields690

sup
U
J (U ;X(0),M) ≤ J̄ ∗(E(X(0)),M),691

which completes the proof.692
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Proof of Proposition 4.4. It suffices to show that693

lim sup
n→∞

1

n
J̄ (E(Un);E(Xn(0)),Mn) ≤ J̄ ∗(x̄(0),M̄).(7.5)694

695

For t ∈ [0, T ], let un(t) = E(Un(t)) and xn(t) = E(Xn(t)). From the proof of696

Proposition 3.2, un is an admissible control for the FCP associated with xn(0) and697

Mn. Now define the fluid scaled processes ūn(t) = un(t)/n and x̄n(t) = xn(t)/n.698

We note that ūn is an admissible control for the FCP associated with x̄n(0) and699

M̄n ≡ (λ̄n, µ̄n, dn, ρn, αn, βn). Assumption 4.1 (i) yields that700

sup
n
|λ̄n|T <∞, sup

n
|µ̄n|T <∞,701

which, combining with Assumption 4.1(ii), implies that702

sup
n
|x̄n|T <∞, sup

n
|ūn|T <∞.703

Further note that xn and un are Lipschitz continuous with Lipschitz constants only704

depending on T . Using Arzela-Ascoli Theorem, there exists a uniformly convergent705

subsequence of (x̄n, ūn), and denote the subsequence by (x̄nk , ūnk) and its limit by706

(x̄, ū). It is easy to see that ū is an admissible control for the FCP associated with x0707

and M̄, and so (7.5) follows.708

Proof of Theorem 4.8. It follows from Proposition 7.3 and Lemma 7.4.709

Proof of Theorem 4.9. From Theorem 4.8 and Proposition 7.1,

J̄ n(Un,∗;Xn(0),Mn)→ J̄ ∗(x̄(0),M̄).

So it suffices to show that710

1

n
J̄ (E(Un,∗);E(Xn(0)),Mn)→ J̄ ∗(x̄(0),M̄).711

712

From the proof of Proposition 4.4, it suffices to show that713

|E(Un,∗)− u∗|T → 0.(7.6)714715

Note that (7.6) follows from Proposition 7.3, Lemmas 7.4, and Proposition 7.1. The716

result follows.717

Proof of Proposition 5.1. Using the arguments in the proof of Proposition 4.4, it718

can be shown that lim supN→∞ J̄ (E(X(0)),M̂N ) ≤ J̄ ∗(E(X(0)),M).719

For large enough N , the shadow price kN satisfies the linear system:720

k̇N (t) = −1 + (d̂N + %̂N − (ρ̂N )′)kN (t), t ∈ [0, T ], kN (T ) = β̂N .721

From Proposition 3.3, the optimal allocation rate722

rNh (t) ∈ arg max
z∈RI

+

{
(αNh − kN (t))′z : 1′z ≤ µNh (t)

}
, h ∈ H.723

A priority list Zh,N (t) = (Zh,N〈1〉 (t), . . . , Zh,N〈I〉 (t))′ at time t for organs of type h can be724

constructed based on the components of αNh − kN (t) following the way below (4.4).725

This manuscript is for review purposes only.



ALLOCATION FOR TRANSPLANT QUEUES 21

Let Hh(t) denote the set of the indices of the (tie) largest components of αNh − kN (t),726

and define727

Z̃h,N〈1〉 (t) =

{
Zh〈1〉(t), if Zh〈1〉(t) ∈ Hh(t),

Zh,N〈1〉 (t), otherwise.
728

Define the control associated with Z̃h,N as follows:729

ũN,∗hi (t) =

∫ t

0

µNh (s)1(Z̃h,N〈1〉 (s) = i)ds.730

It is clear that ũN,∗ is an optimal control for the FCP associated with E(X(0)) and731

M̂N . In the following we show that |Z̃h,N − Zh|T → 0 as N → ∞. From the732

construction of both Z̃h,N and Zh, it suffices to show that |kN − k|T → 0. Note that733

sup
N

sup
0≤t≤T

|kN (t)| ≤ sup
N

∫ T

0

| − 1 + (d̂N + %̂N − (ρ̂N )′)kN (t)|dt734

≤ IT + sup
N
|d̂N + %̂N − (ρ̂N )′|

∫ T

0

|kN (t)|dt.735
736

By Gronwall’s inequality, we have that737

sup
N

sup
0≤t≤T

|kN (t)| ≤ IT exp{sup
N
|d̂N + %̂N − (ρ̂N )′|} <∞.738

Next the uniform continuity of k(t) on [0, T ] implies that739

sup
0≤t≤T

|k(t)| <∞.740

It follows that741

sup
0≤t≤T

|kN (t)− k(t)| ≤
∫ T

0

|(d̂N + %̂N − (ρ̂N )′)kN (t)− (d+ %− ρ′)k(t)|dt742

≤
∫ T

0

|(d̂N + %̂N − (ρ̂N )′)kN (t)− (d+ %− ρ′)kN (t)|dt743

+

∫ T

0

|(d+ %− ρ′)kN (t)− (d+ %− ρ′)k(t)|dt744

≤ sup
N

sup
0≤t≤T

|kN (t)||(d̂N + %̂N − (ρ̂N )′)− (d+ %− ρ′)|T745

+ |d+ %− ρ′|
∫ T

0

sup
0≤t≤τ

|kN (t)− k(t)|dτ.746

747

Using Gronwall’s inequality again yields that sup0≤t≤T
∣∣kN (t)− k(t)

∣∣→ 0.748

At last, we note that if αh − k(t) has a unique largest component for almost749

everywhere t ∈ [0, T ], then Z̃N (t) = ZN (t) for almost everywhere t ∈ [0, T ] when N750

is large enough. It follows now that |Zh,N − Zh|T → 0, and so |uN,∗ − u∗|T → 0.751
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